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Abstract 
Vibration failure of piping is a serious problem and a matter of concern for safety and reliability of plant operations. Presently 
there is no general analytical method available for a proper engineering design of the piping for operational vibration and mostly 
severity charts are being used as a cook-book approach. The major difficulty lies in the realistic estimation of the dynamic forces 
arising out of complex flow pattern. In mathematical terms, these are ill posed problems and no conventional or direct methods 
can be adopted for their solutions. In our study we have proposed a method on the basis of Inverse Theory[1-3]along with 
numerical simulations and followed bya case study as an application. 
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1.0 Introduction 
Steady state operational vibration in piping is a serious problem for plant operations and also a major safety 
concern. However a conventional design method cannot be adopted as the forcing function cannot be quantified 
accurately. This is due to the fact that the forces are generated from complex coupling mechanism arising out of the 
flow pattern in the piping. In absence of the forcing function the problem is mathematically termed as ill posed[1,2]. 
The conventional methods as used for solving the well posed direct problems [1,2] cannot be adopted for such cases.     
Inverse Theory[1-3] provides the necessary theoretical basis for their study. Force estimation for dynamic 
problems has been studied by several authors [3,4]. The present paper is an extension of the study[4]. In this study 
multiple lumped masses have been considered thereby further generalizing the previous work.  
© 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
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1.1 Current Practice – Vibration Screening Criteria 
The current practice is the use of vibration screening criteria [5-7]. In this method the vibration response 
parameters like velocity or displacements are measured in situ and compared against some acceptance criteria for 
which severity charts are developed. Another widely used criterion is of ASME OM Code[7] a standard followed for 
nuclear piping in which the acceptable velocity limit of 12.5 mm/sec is given. It is seen that all the above methods 
are conservative and provide a cook book or a go/no-go approach. However no information on mechanical design 
adequacy of the piping system including support structures is available. 
Although a few references are found on the estimation of dynamic stresses from fieldmeasurements[8], 
they do not contain detailed mathematical treatment. Hencethe important issues of existence, uniqueness of solutions 
and their accuracy are not addressed which are essential for the real life application of the method. 
2.0Proposed method (Based on Inverse Theory) 
For a single span a detailed study in the frequency domain has been carried out by Saha[4]. This present 
study is an extension of [4] for a general case which consists of lumped masses. 
3.1 Nomenclature 
L  : Length of the pipe span; ܮ௜: Length of  ݅௧௛sub pan;.݊  : Number of mass points; 
݉௜ : Lumped mass at ݅௧௛  location; m : Mass per unit length;EI  : Bending Modulus; 
Z  : Section Modulus; ݔ: Distance along the span;U: Displacement variable; ሷܷ  : Acceleration; 
Û  : Fourier Transform of U; ௜ܷ:Displacement in ݅௧௛sub span; j : ξെͳ.;D: Differential Operator;ܦ௣: Differential 
Operatorof order ݌Ǣk: Complex Wave Number;||.||: Norm of a vector; e : Unit Vector; Ȧ : Circular Frequency;FFT : 
Fast Fourier Transform; 
Ș  : Loss Factor; ı  : Stress;ܯ : Bending Moment;R : Reaction Force. 
3.2 Mathematical Background 
3.3 Direct Problem 
The basic configuration is shown in Fig.1 for a single span consisting of ݊ ൅ ͳ sub spans.Considering Bernoulli-
Euler formulation and structural damping, the dynamic equation of motion in the frequency domain[9,10] in any sub 
span ܮ௜is as follows:  
 
Ȧ2m ෡ܷ௜(ݔ,Ȧ)+ (EI(1-jȘ))D4 ෡ܷ௜(ݔ,Ȧ) = 0 ;          0  ݔ  ܮ௜(݅ ൌ ͳݐ݋݊ ൅ ͳ)    (1) 
Boundary Conditions (B.C’s): 
෡ܷଵ(0,Ȧ) = 0     and     ෡ܷ௡ାଵ(ܮ௡ାଵ,Ȧ)  = 0                                   (2) 
EID2 ෡ܷଵሺͲǡ ɘሻ ൌ M෡ 0(Ȧ)   and        EID2 ෡ܷ௡ାଵሺܮǡ ɘሻ=ܯ෡௅(Ȧ)      (3) 
We also have continuity conditions for displacement, slope, moment and the equilibrium of the forces at ݊ mass 
points. 
Eq.(1) pertains to direct problem for steady state vibrations in the classical wave theory. 
The solution of Eq.(1) which is also termed as a wave solution[9,10] can be written as  
 
పܷ෡ (ݔ,Ȧ)= ܣ௜(Ȧ)exp(jkݔ) +  ܤ௜(Ȧ)exp(-jkݔ) + ܥ௜(Ȧ)exp(kݔ) + ܦ௜(Ȧ) exp(-kݔ)      (4) 
3.4 Inverse Problem 
We now state the main result. A short proof is given below without going into details. 
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3.2.2 Proposition 1 
For a system as in Fig.1 consisting of  a pipe span with ݊ lumped masses with the governing differential 
equations (1) with BC’s (2) and (3), the response (i.e. displacement, velocity etc.) at any location ȟ can be obtained 
from the measurement of response at  any two other interior locations. 
The solution of the response is unique and independent of the measurement locations interior to the sub-
spans. Also the external moments and forces on the boundaries can be uniquely determined. For the special case in 
which there are no concentrated masses, this reduces to Proposition 1of [3]. 
Proof:Let us denote ෡ܷ௜(ݔ,Ȧ) (with coefficients ܣ௜,ܤ௜ , ܥ௜, ܦ௜  as in (4)) as a non-trivial solution of  Eq.(1) in a sub-
span ܮ௜ǤEq.(1) is applicable to all the sub- spans ranging from ͳ  to ݊ ൅ ͳ . Thus we have  ݊ ൅ ͳ  functions ෡ܷ௜ 
(݅ ൌ ͳݐ݋݊ ൅ ͳ) with Ͷሺ݊ ൅ ͳሻ coefficients which are to be determined. 
For the essential BC’s (i.e. hinged ends) we have  
B.C’s : 
 
෡ܷଵ(Ͳǡ ߱ሻ ൌ Ͳ (5) 
෡ܷ௡ାଵ(ܮ௡ାଵǡ ߱ሻ ൌ Ͳ                  (6) 
Also at every mass point  ݔ௜ሺ݅ ൌ ͳݐ݋݊ሻ we have the following continuity conditions 
෡ܷ௜(ܮ௜ǡ ߱ሻ ൌ  ෡ܷ௜ାଵሺͲǡ ߱ሻ         (7) 
෡ܷ௜(ܮ௜ǡ ߱ሻ ൌ ࣞ ෡ܷ௜ାଵሺͲǡ ߱ሻ    (8) 
ࣞଶ ෡ܷ௜ (ܮ௜ǡ ߱ሻ ൌ ࣞଶ ෡ܷ௜ାଵሺͲǡ ߱ሻ         (9) 
ࣞଷ ෡ܷ௜ (ܮ௜ǡ ߱ሻ െ ࣞଷ ෡ܷ௜ାଵሺͲǡ ߱ሻ ൌ ሺܯ௜/ܧܫሻ ሷܷ෡ெ೔ሺ߱ሻ     (10)
Measurements are taken at any two interior pointsݔଵ௠and ݔଶ௣ in the sub-spans ݉ and ݌. 
The above system of equations can be cast is a matrix form as below. 
ࡳࢄ ൌ ࢂ           (11)      
(Where ࡳ is aͶሺ݊ ൅ ͳሻܾݕͶሺ݊ ൅ ͳሻ matrix).ࢂis the RHS vector consisting of the measurement terms and zero 
elsewhere.ࢄisthe vector of the coefficients which are to be solved. It is seen that the determinant of ࡳ is non zero. 
Hence ࡳ is invertible and ࢄcan be uniquely solved. 
Consequently ௜ܷis also unique. This implies that the response at a given location the calculated response is unique. Ƒ 
3.3 Stability 
For stability we need to show that the solution is bounded in presence of some measurement errors. If there 
are some errors in the measurements (e.g. noise) the solution would deviate from the true solution. Let ෡ܷ௠௧   
represent the true measurements and ෡ܷ௠ the actual measurement with errors. The error norm would be ȁȁܷ௠ െ
 ෡ܷ௠௧ȁȁand will bedenoted by İ which is a positive number. Let įܺbe theerror in the solution. We have the following 
lemma. 
3.3.1 Proposition 2 
Let İ be the error in the measurement෡ܷ௠. Then the error in the solutionįܺis bounded by İ as below: 
ȁȁįܺȁȁ    C1İ                            (12) 
Here ȁȁǤ ȁȁdenotes any finite dimensional norm and C1 is a positive constant independent of ෡ܷ௠Ǥ 
Proof:  Please refer to [4] for details. Ƒ 
The significance of this lemma is that the error in the solution is bounded by the error in measurement. Hence 
reduction in the measurement errors will improve upon the solution accuracy.  
3.4Determination of Response Variables 
After the coefficients are obtained, other response quantities like velocity and stress can be computed. The 
stress function is a complex quantity and has a continuous dependence on frequency which varies theoretically from 
െλto λ . However in practice normally only a few modeswill be significant. Hence we can have an SRSS 
combination of the stress amplitudes for the resultant. 
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ɐ்ሺݔሻ ൌ  ሺσ ȁɐ୧ȁଶே୧ୀଵ ሻ଴Ǥହ(13) 
Hereɐ୧= ɐሺݔǡ ɘ୧ሻ.For a more accurate estimation of fatigue life Dirlik’s Method[11]in the frequency domain or 
Rainflow Counting Method [12] in the time domain may be used. 
In the same vein the end reactions and moments may be obtained as follows: 
்ܴሺݔሻ ൌ  ሺσ ȁܴ௜ȁଶே௜ୀଵ ሻ଴Ǥହ                                                                         (14) 
ܯ்ሺݔሻ ൌ  ሺσ ȁܯ௜ȁଶே௜ୀଵ ሻ଴Ǥହ                                                                        (15) 
The total reaction and moment should be used for a mechanical design check of the support structure or the 
equipment nozzle as per the applicable case. 
4.0 Numerical Simulation and Validation 
In order to validate the theory some numerical experiments have been carried out. These will be described 
below. 
4.1 Model Description 
A simply supported pipe with a concentrated mass at an interior point is excited with moments at both 
ends. Following Fig.1 we haveܮ= 5m,ܮଵ = 2.5m,ܮଶ = 2.5m and ܯଵ ൌ ͷͲͲ kg. The outer diameter of the pipe is 
16” and thickness 9.52 mm.The material is carbon steel with ܧ = 2.03 E+11 Pa.A structural damping coefficient(ߟ) 
of 4.2E-04 has been considered. This modelhas been idealized from a real life example consisting of a piping with a 
control valve which we will discuss in the sequel. End moment of 2500 N-mis applied at left end and the other end 
being free. The results of the direct problem denoted by model D have been treated as the benchmark. The 
displacements considered as measurements which are the inputs for our proposed method based on an inverse theory 
and denoted as model I for reference. Displacements, stresses, end reactions and end moments are considered as the 
response parameters for comparison against the benchmark. 
4.2.0 Results 
Analysis has been carried out for various cases as follows of direct and inverse methods (i.e. modelsD and 
I). These are given in the following paragraphs. 
4.2.1 Case 1 
In this case the displacement measurement points are taken on both sides of the mass point. No 
measurement errors are considered in this case.Figures2-5 depicts the results of models D and I.  In the displacement 
plot (Fig.3) D1 and D2 represent the displacements of the observation points (1and 2). In Fig’s 4 and 5 the notations 
ͳ /ͳ denote the moments and the reactions atݔ ൌ Ͳ, and ʹȀʹ for the quantities at ݔ ൌ ܮ respectively. The 
stress plot in Fig. 5 is shown for point 2. 
It is seen in the plots that the peaks occur at 25Hz which is the first natural frequency of the lumped mass 
system.  Also a very close match between the results of direct and inverse problem is observed. This is expected 
since the theoretical solution for the two methods is essentially the same. The difference is basically due to the 
numerical algorithms and rounding off errors. 
As mentioned earlier, no information is required on the natural BC’s. This feature is of utmost importance 
in a practical sense due to the difficulty in the measurement of response at support locations with accuracy. 
4.2.2 Case 2 
In this case the observation points are on one side of the mass (i.e. in sub-span ܮଵ). All the remaining 
parameters are the same as Case 1. The results obtained are almost identical to those of Case 1 [Figs.2-5]. This 
shows that in absence of measurement errors the results are theoretically 100% accurate and independent of the 
locations of the measurement points. However the scenario is different in the presence of measurement errors. 
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4.2.3 Case 3 
In this case a random noise with maximum amplitude of 0.5 mm in displacement is added to the true 
displacement values. The remaining parameters of Case 1 are retained. The magnitude of the error is gradually 
decreased. The solution error is defined as the % error in end moment at ݔ ൌ ܮ. The plot of solution error versus 
input error is shown in Fig. 6. We find that the solution error is bounded and exhibits a decreasing trend with 
decreasing input measurement errors. 
4.2.4 Case 4 
In this case a random noise with maximum amplitude of 0.5 mm in displacement is added to the true 
displacement values. The remaining parameters of Case 2 are used. In this case the observation points are close to 
each other. The variation of solution error with respect to the input error is shown in Fig.7. Here we see that the 
results are widely varying and somewhat erratic. This may be explained by the low condition number of the matrix 
ȁȁܩିଵȁȁ  as explained earlier. However the solution error converges to zero as the input error in reduced. 
4.3.0 Summary of Results 
It is seen from the above that the results are not affected by the location of the masses or the measurement 
points whenever the error in the input is zero. This is however not practical. In presence of errors in the 
measurements, there is a problem of ill-conditioning if the measurement points are very close. Hence the selection 
of the observation points should be properly chosen.  
5.0 Application 
The above theory has been applied to the problem as described below. 
5.1 Problem Description 
We consider a vibration problem of a piping span containing a control valve assembly as shown in Fig.8. 
The line was having two phase flow and experienced severe flow induced vibrations. It was considered unsafe by 
the operating personnel and called for reduction in the vibration level. However as the line was on a column 
platform and at a high elevation, the quick fix method of support addition could not be adopted without proper 
support design for which external forcing function needs to be properly quantified.  
5.2 Resolution 
The mathematical model developed is identical with that of the test problem [Section 4.1]. The span is from 
A to B [Fig.8]with the control valve (CV)idealized as a point mass of 500 kg as in the test problem. Vibration 
readings were taken at the two points in the span. The FFT of velocity on CV is shown in Fig.9. The forcing 
function and the support reactions [Fig.10] were determined using the proposed method. It was found that the vessel 
cleats were not adequately designed for these vibration loads. This is the distinguishing feature of this method. In 
contrast the addition of supports as per common practice could lead to a disaster. 
A different approach involving change in piping routing was adopted. The final configuration is shown in 
Fig.11. The purpose was to avoid the two-phase regime in the piping and have flashing in the vessel. The vibrations 
reduced significantly after the implementation of the scheme as seen in Fig. 12. 
6.0 Conclusion 
Vibration failure in operational piping is a serious problem and there is a need for a comprehensive study 
and analysis for its remedial measures. In this sense the proposed study has got tremendous practical value. A 
quantitative method with proper mathematical basis has been provided in contrast to the cook book approach. By 
this method it possible to quantify stresses, velocities and reaction forces. This gives a basis for a proper engineering 
design. The method being simple can be easily adopted by engineers involved in trouble-shooting. Several 
improvements in the model are in line and planned for future work. These are like inclusion of pipe bends, branches 
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 Fig.3: Displacement plot(Test Problem)
 
 
 
 
Fig.4: End Reaction plot(Test Problem
 Fig.5: Stress plot (Test problem). 
.Fig 6: Effect of noise on solution (Case 3).     
  
).  Fig 7: Effect of noise on solution (Case 3
  
 Fig. 8: Cut out view of Column Piping. 
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Fig. 11
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: Final Velocity Readings(FFT). 
